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Families of Confidence Intervals / The Univariate Case

Starting point: Non-parametric models, Tchebycheff

Given: Variable X with = E(X) and ¢2 = V(X) as sole information.

Generating a nested family I = {1, }¢(0,y Of confidence intervals

lo = M_%vﬂ—i_%) 046(0,1]

using Tchebycheff's inequality P(|X — u| > %) <o

H—o p pto
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Families of Confidence Intervals / The Univariate Case

Questions

@ Whatis it? Is it a random set or a fuzzy set?

@ What is the upper probability P(A) of an event A?
What is its interpretation with respect to confidence intervals?

@ What happens in the multivariate case?

H—o p pto
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Families of Confidence Intervals / The Univariate Case

Looking at a single confidence interval

Equipping the two intervals |, and IS with weights
m(l,) = P(lo) and m(1$) = P(1S)
we get a local random set at level a.

@ 1_ T T T
(&)
z A
S
I, I
a
m(ly) 21— m(I$) <
0
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Families of Confidence Intervals / The Univariate Case

Looking at a single confidence interval

Equipping the two sets |, and IS with weights
m(l,) = P(lo) and m(1$) = P(1S)
we get a local random set at level a.

The local upper probability P, (A) at level « for an event A is

Po(A) = m(lo) x(AN 1, #2) + m(15) x(ANIS #2).
(x indicator function)

@ 1_ T T T
(&)
z A
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I, I
a
m(ly) 21— m(I$) <
0
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Families of Confidence Intervals / The Univariate Case

Three different cases for an event A

(i Anl,=o P.(A) €|
iy AnIS=2 Py (A) € 1-a, 1]
(i) Anl,#gand ANIS # @ P

o 1F '
(&)
i A P,(A)€0,q]
S
I, I¢
a
m(ly) 21— m(I$) <
0
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Families of Confidence Intervals / The Univariate Case

Three different cases for an event A

(i) ANl, =9 ﬁa(A) c [0, a]
(i ANl =o P,(A) € [1-a,]]
(i) Anly,#oand ANIS # o P.(A) =

Po(A) = m(la) x(AN la#2)+m(15) x(AN 15 #2).

o 1F =
(&)
i A P,(A) e [l1-a,1]
S
L, Ic
a
m(ly) 21— m(I$) <
0
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Families of Confidence Intervals / The Univariate Case

Three different cases for an event A

i ANla=2 P.(A) € [0, 0]
(i) ANIg =0 P.(A) € [1-a, 1]
iy Anl,#oand ANIS #£ & Po(A) =

Po(A) =m(ly) x(AN T, #2)+m(1S) x (AN IS £ 2).

= 1f o
(&) —
i A P,(A) e [1,1]
S
I, I
a
m(ly) 21— m(I$) <
0
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Families of Confidence Intervals / The Univariate Case

Three different cases for an event A

() ANly=o P.(A) = «
(i) ANnIE =2 P.(A) =1
(i) Anl,#gand ANIS # @ P,(A) =1

To avoid interval-valued P, (A) we take always the upper bounds.

= 1f ' : \
£ A Pa(A)=1
S
L. I
a
m(ly) 21— m(I$) <
0
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Families of Confidence Intervals / The Univariate Case

Most interesting case (i)

@ A has the role of the “bad and undesired” event.

@ Meaning:

If Ais outside the confidence interval |, at
confidence level 1 — «, then we can say for sure
that A occurs only with probability «, at most.

= 1f ' : ' '
(&) —
i A P,(A)=a
S
I, I
a
m(ly) 21— m(I$) <
0
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Families of Confidence Intervals / The Univariate Case

Formula for the upper probability P(A)

a-levels
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Families of Confidence Intervals / The Univariate Case

Formula for the upper probability P(A)

a-levels

© o
)

: IO.6 : : A F(),(; (A) : 0()
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Families of Confidence Intervals / The Univariate Case

Formula for the upper probability P(A)

a-levels
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Families of Confidence Intervals / The Univariate Case

Formula for the upper probability P(A)
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Families of Confidence Intervals / The Univariate Case

Formula for the upper probability P(A)

P(A) = inf P,(A) = inf «NA=0
( ) aGI(O,l} ( ) aGI(Ol{a }

Interpretation of | as random set or fuzzy set

P(A) = Plausibility(A) = Possibility(A)
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The Multivariate Case

A formula for the upper probability for given families I4, ..., I, of
confidence intervals similar to the univariate version.
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The Multivariate Case

A formula for the upper probability for given families I4, ..., I, of
confidence intervals similar to the univariate version.

Short preview

univariate

P(A) = inf oNA=0
() aEIr(]Ol{a }

multivariate
PO(A) = inf {((a) : JanA = 2}
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The Multivariate Case

A formula for the upper probability for given families I4, ..., I, of
confidence intervals similar to the univariate version. )
Short preview

univariate

P(A) = inf A, NA=0
) aE(O,l}{a “ }

multivariate
PO(A) = inf {¢(a) : JaNA = 2}
(613

Possibilities of choice

© For the set of confidence intervals considered to be combined.

@ For the weights used for the local joint random set.
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Joint Confidence Set

Combination of marginal confidence intervals

J = {Jatacs is the family of all joint confidence sets

Ja =10y X Xlnan, lkay € Ik
with a = (v, . .., an) depending on the set Sof indices a:
© Random set independence like: S= S = (0, 1]".
© Fuzzy setindependence like: S=S={a € (0,1]": a1 = --- = an} )
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Joint Confidence Set

Combination of marginal confidence intervals

J = {Jatacs is the family of all joint confidence sets

Ja =10y X Xlnan, lkay € Ik
with a = (v, . .., an) depending on the set Sof indices a:
© Random set independence like: S= S = (0, 1]".
© Fuzzy setindependence like: S=S={a € (0,1]": a1 = -+ =

= an} )

Local upper probability

< <

Lo, X150, ‘
Lo, XI;,QQ

o -

I oy mi(I10,)

Event Awith J, N A = 2.

2 ma(lza,)

3
o
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Joint Confidence Set

Combination of marginal confidence intervals

J = {Jatacs is the family of all joint confidence sets

\]azll,alx"'XIn,am Ik,akelk
with a = (v, . .., an) depending on the set Sof indices a:

© Random set independence like: S= S = (0, 1]".
© Fuzzy setindependence like: S=S={a € (0,1]": a1 = -+ =

= an} )

Local upper probability

Il,a1XI§,a3 — p—
Pa(A) < P((la; X -XInaq)®) =
I’- =1 Mg, X+ XIngy)-

I oy mi(I10,)

Event Awith J, N A = 2.

2 ma(lza,)

3
o
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Joint Confidence Set

Combination of marginal confidence intervals

J = {Jatacs is the family of all joint confidence sets
\]azll,alx"'XIn,am Ik,akelk

with a = (v, . .., an) depending on the set Sof indices a:

© Random set independence like: S= S = (0, 1]".
© Fuzzy setindependence like: S=S={a € (0,1]": a1 = -+ =

= an} )

Local upper probability

Il,a1XI§,a3 — p—
Pa(A) = P((la; X - XInag)®) =
I’- =1 Mg, X+ XIngy)-

Worst case.

Event Awith J, N A = 2.

2 ma(lza,)

3
o

I oy mi(I10,)
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Joint Weight m(l14, X+ XIn,) / Local Upper Probability Pq

Random set independence
Product of the marginal weights: m(l1o, X+ X Inae) = [Ty Mi(lig)-

Leads to Pa(A) = 1T, (1—au).

@ Used if the uncertain variables are independent.
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Joint Weight m(l14, X+ XIn,) / Local Upper Probability Pq

Random set independence

Product of the marginal weights: m(11q, X+ - X Inq,) = [Tty Mi(li o )-

Leads to Pa(A) = 1T, (1—au).

@ Used if the uncertain variables are independent.

4

Lower / upper bounds

Lower and upper bounds of Fréchet for the joint weights:
n

max( Y M) —n+1,0) <Mlya, X+ xIng,) < _min mliq,).
=

Leads to i:rrll.a.t.)’(n(ai) < Po(A) <min(ag + -+ + an, 1).

@ Used if nothing is known about interactions between the variables.

4
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Levels of the Joint Confidence Set / Upper Probability

Level function /()

The different approaches have only an influence on the level

_max (i) lower bound,
i=1,...,n

la)=4q1— ]_[i”:l(l — ) random set independence,

min(ay + - - + an, 1) upper bound

of the joint confidence set J,, but not on the confidence set itself.
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Levels of the Joint Confidence Set / Upper Probability

Level function ¢(«)

The different approaches have only an influence on the level

_max (o) lower bound,
i=1,...,n

la)=4q1— ]_[i”:l(l — ) random set independence,

min(ay + - - + an, 1) upper bound

of the joint confidence set J,, but not on the confidence set itself.

Formula for the upper probability similar to the univariate case

Py(A) = inf {£(er) : Ja NA= 2},
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Numerical Example

Beam bedded on two springs with uncertain spring constants

100 kN/m

Criterion of failure of beam: g(Ay, \2) <0
Failure function

A1, A2) = Myielg — max [M(X, A1, A
g(A1, A2) yield xe[0,3]| (X, A1, A2)|

@ M(X, A1, A\2) is the bending moment at x depending on A1, A;.
@ Myielg = 12kNm is the elastic limit moment.
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Upper probability distributions ff(g()\l, A2))

>
=
0 upper
2o06f- - - 7
g indep
joh
g 0.4
o
=
0.2
O L L L L
-0.5 0 0.5 1 1.5
g(>‘17>‘2)
The upper probabilities of failure are the results at g(\1, A2) = 0.
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Ordering / Notations

Ordering of the upper probabilities

= =R =F
PF<A) = Plower(A) = Plower(A)
= =R =F
PR<A) < Pindep(A) < Pindep(A)
- =R =F
PU<A) < Pupper(A) < Pupper(A)

Classical approaches

Notation ‘

Pr fuzzy set independence

Pr random set independence

Pu unknown interaction / Fréchet
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Ordering / Notations

Ordering of the upper probabilities

= =R =F
PF<A) = Plower(A) = Plower(A)
= =R =F
PR<A) < I:)indep(A) < Pindep(A)
- =R =F
PU(A) < Pupper(A) < Pupper(A)

All possible combinations of confidence intervals, S= S

Notation | level {(cx)

ﬁlf)wer _ rTl1aX (i) lower Fréchet bound
i=1,...,

ﬁﬁdep 1-— Hi”:l(l — ) random set independence

ﬁSpper min (31 ; @i, 1) | upper Fréchet bound
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Ordering / Notations

Ordering of the upper probabilities
P(A) = Plower(A) = Plower(A)
PR(A) < Prgep(A) < Pigen(A)
PU(A) < PippelA) < PlppedA)

l

Combinations of intervals of the same level « only, S= &

Notation | level ¢(«)

Plower o lower Fréchet bound
ﬁi';dep 1-(1-a)" random set independence
Popper min(na, 1) upper Fréchet bound

Thomas Fetz (University of Innsbruck)  Multivariate Models and Confidence Intervals ISIPTA 2009, Durham UK



