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Abstract

The paper investigates outer approximations of coherent
lower probabilities by 2-monotone measures. We charac-
terize the set of (Pareto)-optimal outer approximations
and provide powerful iterative algorithms to calculate
such measures.
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1 Introduction

Walley [21, p. 51] is often cited in saying that he does
not “...know any ‘rationality’ argument for two-
monotonicity, beyond its computational convenience.”
Of course, in particular in problems of larger scale, com-
putational convenience, and even computational tracta-
bility, is still an issue, and so the problem of finding a
suitable approximation of a coherent lower probability
by 2-monotone measures arises naturally in many appli-
cations of imprecise probabilities (see also Section 3).
As analysis shows, the optimal choice of a 2-monotone
measure can not be made uniquely, which may be under-
stood from the fact that the minimum of two 2-monotone
measures is not again a 2-monotone measure in general,
and so we will characterize and derive Pareto optimal
solutions to that problem.

The main idea of this paper consists of the following.
For any coherent probability x, we define a convex set

M27man§y

4. Then any possible optimal choice of a 2-monotone

of 2-monotone measures that are dominated by

measure in M is produced by finding extreme

2-mon<pu

points of M which are not dominated by other

2-mon<u >

measures in M and any optimal measure is repre-

2-mon<u ?
sented as a linear convex combination of such points.
After some technical preliminaries (section 2) and a
slightly more detailed look at the convenience of 2-
monotonicity, we give in section 4 a necessary and suffi-
cient condition for a 2-monotone measure to be an ex-
treme point through lattices on which a 2-monotone
measure is additive. In Section 5, we provide iterative
algorithms for searching optimal extreme points, which
then are illustrated by two examples. In the Appendix the

Thomas Augustin

Department of Statistics, Ludwig-Maximilians
University (LMU), Munich, GERMANY

thomas@stat.uni-muenchen.de

reader can find some results on canonical sequences of
monotone measures [5], which are used in the proofs.

2. Technical preliminaries

Let X be a measurable space and 2 be a o -algebra of
its subsets. A set function x:%—[0,1] is called a
monotone measure [14] if 1) u(@)=0, w(X)=1; and
2) A,BeU, Ac B implies wu(A)< u(B). We write
= Mgy o R if
1 (A) < p,(A) for all 4e2 . In this paper we consider

for monotone measures

the following families of monotone measures:
1) M
2) M, is the set of all finite additive probability meas-
M <M

or & Mion
u(AUB)=u(A)+ u(B) for disjoint sets 4,Be;

3) M,,, is the set of all lower probabilities [22] on A,
ie. M, <M,
PeM, suchthat u<P(,andso peM
fies the avoiding sure loss property [22]);
4) M, is the set of all coherent lower probabilities [22]

is the set of all monotone measures on A ;

mon

ures on A, i.e. and additionally

there exists
iff it satis-

and for any peM,

low

on A, ie. for any peM,, and Be2 there exists

42

PeM, suchthat u<P and w(B)=P(B);

5) M, .. is the set of all 2-monotone measures [11] on
A, e M M and

2-mon = mon ‘L[(A)‘F,U(B)S
u(AUB)+ u(ANB) forany 4,Be?.

6) M., is the set of all chain measures [14] on 2, i.e.
if ueM,, , then there is a chain I'c® such that
Del', Xel and, forall B, u(B)= sup u(A).

Ael'|AcB

3. On the convenience of 2-monotonicity

As also discussed below, 2-monotone measures have
some regular properties compared to coherent lower
probabilities, which are very convenient from the com-
putational point of view. Of particular importance is the
property recalled in Remark 1 below, ensuring that for
any chain of events there is a single classical probability



in the core simultaneously attaining the lower probability
for all elements of the chain. As a consequence, the
enveloping lower and upper distribution functions define
probabilities in the core, and so, for instance, a closed
form for natural extension (calculating expectation of
random variables) is available (repeated, e.g, in. [22, p.
30ff], where also some direct applications are given). By
similar arguments a convenient closed form for calculat-
ing lower and upper conditional probabilities (in
Walley’s sense) can be derived (see, e.g., [22, p. 301,
including the corresponding footnote]). Moreover, other
common forms of conditioning, like Dempster’s rule of
conditioning ([13]), also called maximum likelihood
updating ([15]), are then guaranteed to lead to a coher-
ent, and indeed again 2-monotone, solution.

Our main motivation for the present study, however, has
been the case of hypothesis testing, where one has to
distinguish between two hypotheses described by impre-
cise probabilities, and decide which one is more likely to
have produced the data. Similarly as in the case of calcu-
lating the conditional distribution or the natural exten-
sion, the testing problem can be expressed in terms of a
single linear optimization problem (see [1, chapter 4]),
but, even with the considerable improvement along the
lines developed for decision problems in [20, section
3.2], the problem still increases exponentially in the
sample size, and so still is, for the sample sizes usually
common in statistics, simply computationally intractable.
A powerful way out is offered by Huber-Strassen theory
([18], and the work following it, see also [17, 3, 4] for
reviews from different perspectives). The famous Huber-
Strassen theorem (in [18, cf. also the finally obtained
extension in [9]) ensures that 2-monotonicity is suffi-
cient for the existence of a globally least favorable pair,
i.e. a pair of classical probability distributions that

i) allow to represent the whole testing problem in deter-
mining the optimal test and

ii) can be calculated by considering sample size 1 only.
While i) can be alleviated by a concept of local least
favorability ([1, chapter 3), [2], [16]), property ii) can
not be generalized appropriately (see the analysis of the
proof in [1, p. 223ff.]). As a consequence, statistical
models described by coherent, but not 2-monotone
measures, often have to be approximated appropriately
to be able to determine appropriate statistical testing
procedures.

4 Approximation by 2-monotone measures (finite
case)

In this case, we assume that X is a finite set and 2 is
the power set of X, ie. A=2". Let ueM, , then

veM,  is defined as a Pareto optimal approximation

mon

low »

of wif vy and v<v'<u for v'eM, implies that

mon

v'=v. For any peM we denote M

{V€M27mon |VS#}

low > 2-mon<u ~

Lemma 1. Any Pareto optimal 2-monotone measure for
a pweM,, can be represented as a convex linear com-

col

bination of Pareto optimal extreme points of M

2-mon<u *

Proof. It is clear that the set M has a finite set of

2-mon<u

extreme points {4}, because it can be described by a

finite
veM

number of inequalities. Therefore any
can be represented as a linear convex com-

2—-mon<u

bination of these points, i.e. v= Zai,u,. , where a, >0,

Zai =1. Assume that in the above representation there

i

is an extreme point 4z, such that @, >0 and g, is not

Pareto optimal, i.e. there is 4’ eM such that

2-mon<pu

o<y (e, p, <y and p,#y'). Then we define

V= Za[.,u,. +a,u'. It is clear that v'e M and

ili#i"

2-mon<pu

v <v', therefore, v is not Pareto optimal, which means
that the coefficient @, has to be equal to zero if the cor-
responding extreme measure 4 is not Pareto optimal.
This fact proves the lemma.m

The previous lemma says that the full description of
Pareto optimal 2-monotone measures for peM_, can

be given by knowing only its Pareto optimal extreme 2-
monotone measures. Therefore, we have to answer the
following question: what characteristics define extreme
points uniquely? For this reason, we further involve
some results concerning additivity properties of 2-
monotone measures. We will consider lattices of the
algebra 2(. A lattice is a subset of 2 closed with respect

to intersection and union. We say that ueM, = is
gcA if u(A)+pu(B)=
u(AVUB)+u(AnB) for any A4,Be L. Next straight-

forward result shows the way how we can describe addi-
tivity of 2-monotone measures.

Lemma 2. Let & be the set of all possible lattices in 2,
on which ue M is additive. Then & is a covering’
of A.

Proof. Let X ={x,...,x,}. Consider maximal chains in
A=2" of the type I'={B,,B,...B,}, D=B,c
B c..cB =X, |B\B,|=1, i=l..n. It is clear

that such chains are lattices and every monotone measure

additive on a lattice

2—mon

' An arbitrary covering ¢ of 2 is a family of non-
empty subsets of 2 such that ngea =2.



is additive on them, i.e., we get the required covering
that consists of all these lattices.m

We denote by &, the covering of 2 that consists of all

maximal lattices, on which ye M is additive. For

example, if x4 is a probability me;szig, then the cover-
ing is a singleton, which contains only one element 2.
Ifa peM,,, issuchthat u(A4)+u(B)<pu(AUB)+
u(ANB) for any 4,BeU with A B and B & 4
then &, obviously consists of all maximal chains in 2.
It is important to emphasize that any A €&, has to

contain J and X, since these sets are additive elements
forany pe M

2-mon *

Another convenient characterization of 2-monotone
measures is recalled in

Remark 1. For any ueM define the convex set
core( ) defined by

core(u) = {P eEM, |P> y} . It is well-known that this

2—mon >

of probability measures,

set is non-empty and usually called the core of .

Moreover, it is possible to describe all extreme points of
this set [10]. To do this, we should consider all maximal

chains of the algebra 2* on X ={x,x,,...,x,}. Then
any extreme point P, is generated by a maximal chain
7 =1{B,,B,,...B,}, where @=B cBc..cB =X
and B, :{xil,...,xl.k } , k=L..,n, a P ({xik }) =

P (B\B, )= u(B,)-u(B,,),ie. P, is chosen such
that P (B)=u(B) forall Bey .
Lemma 3. Any lattice in &, contains a maximal chain.

Proof. Consider an arbitrary lattice A 2%, on which
4 is additive. Let ' be a sequence of sets with the
following properties: 1) a minimal algebra that contains
I' coincides with 2%; 2) first elements of ' are all
elements of A . Then the limit measure® 4, in the ca-

nonical sequence constructed by I' is a probability
measure, and also p.(A4)=u(A) for all 4eA. Since

any such sequence I' is equivalent to some maximal
chain y = 2%, we get u.(4)=u(A) forall 4ey.Con-
sider a lattice, on which g and g have the same val-
ues. It is clear that this lattice contains A and y, and
also u is additive on it. It means that any lattice in &,

contains a maximal chain. m

CLIT3

% The explanation of terms: “limit measure”, “canonical
sequence of monotone measures”, ... are given in Ap-
pendix.

Proposition 1. There is the one-to-one correspondence
between maximal lattices in &, and extreme points of

core(y)  for defined by
A:{AEQHP(A):/J(A)}, where A€, .

every P ecore()

Proof. Because any lattice A €&, contains a maximal
chain y € A, we can define that P, corresponds to A.

Using canonical sequences of 2-monotone measures, it
easy to prove that P, (B)=u(B) for all BeA. This

proves that if A contains two different maximal chains,
then they generate the same probability measure, i.e. we
show that such a construction generates the unique prob-
ability measure P,, where y c A, with P,(B)= wu(B)

for all B e A. We finish the proof of the proposition by
showing that for any maximal chain y the set

{Be2"|P(B)=u(B)}e®,. It is casy to check that
this set is a lattice. Let P,(4) = u(4) and P (B) = u(B)
for some A,Be2”. Then we have to prove that also
P(ANB)=pu(ANB) and P(4UB)= u(AUB).The
above condition implies that
u(A)+ u(B) < u(AN B)+ u(AV B) <
P(ANB)+ B,(AUB) = P,(A)+ P,(B) = u(4)+ u(B),

ie. pu(A)+u(B)=pmu(ANB)+u(AVB), B (ANB)=
u(ANnB) and P (AVUB)=pu(AuB). Using again

canonical sequences of 2-monotone measures, it is easy
to prove that such a lattice is maximal, i.e. we have the
one-to-one correspondence between maximal lattices in
S, and extreme points in core(u) .m

Proposition 2. Let ueM VeM,) e
S, ={AeA|v(d)=u(4)}, S, ,={4eA|v(4)=0}.
Then v is an extreme point of M

defined by the sets S

coh?

iff its values are

2-mon<pu

S, 6, uniquely.

v=u’

Proof. A set function v isin M iff it satisfies the

2-mon<
following conditions: ’
D v(@d)=0, v(X)=1;

2) v(A)20 forall 4e 4;

) v(4)<v(B) if AcB;

4 v(A)+v(B)<v(ANnB)+v(AUB) forall 4,Be A4;
5) v(A)< u(A) forall 4e2*.

These conditions can be considered as a system of linear
inequalities on values v(A4), 4€2*. From the theory of

linear inequalities, we know that any extreme point can
be calculated by solving linear equalities, obtained by
the subset of inequalities if we change “<” to “=".
Show that we can confine ourselves to using equalities



that are generated by 2), 4), and 5). It is not necessary to
use 1) because v(D)=u(D)=0, v(X)=pu(X)=1. We
show further that any equality v(C)=v(D) for Cc D
(C# D), generated by 3), can be derived from the addi-
tivity of v. In this case, we take 4=C, B=D\C.
Then AnB=9, v(B)=0, v(4A)+v(B)=v(ANnB)+
v(AU B) , and the last equality, v(B)=0, v(4ANnB)=0
implies that v(C)=v(D). Therefore, we conclude that
the proposition is true. m
Consider some corollaries from Propositions 1 and 2:
Corollary 1. Let the notation of Proposition 2 be used.
Then v is an extreme point of M, . if for any
A €6, a probability measure P, with P,(A)= u(A)
Jorall AeS,_, "N and P,(A)=0 forall AcS,_,NA
is defined uniquely.

Proof. It is easy to see that Corollary 1 is a direct conse-
quence of Propositions 1 and 2. m

Corollary 2. Let notations of Proposition 2 be used.
Then v is an extreme point of M, . . if for any

ANeG, the set Am(Sv:ﬂ USV:O) contains a maximal
chain. In addition, v =AP,, where the minimum in the
4

right side of the last formula is taken over all possible
probability measures P,, defined for each maximal

P(A)=pu(A)  for
AeynS,., and P (A)=0 for AeynS, . More-
over, if S,_,\S,_, =Q, then such a v is Pareto optimal.
defined

uszo) contains a maximal chain, we con-

chain  ycS,_, VS, by

Proof.
AN (S

v=u

Because P, is uniquely  if

clude that v is an extreme point by Corollary 1. The
formula v = AP, is also true, since 2-monotonicity of v
v

implies that P, >v for any yc S, ,US, ;. Observe

with §,_ =S, , and

v=u

also that, for any v'e M

2—-mon<pu

S,.o=S,,, we have v'<v, ie. v have the largest

v

values for the fixed S, , and S,_,. Show that v is
Pareto optimal if §,_,\S,_, = . Suppose on the con-

trary that there is another v' e M such that v'>v.

2—-mon<pu

Then we should conclude that S,_, <, , and

S_,#S,_,.Weseethat v'S A P < A P=v,and
- = 7SSyeu 7SSyeu

such a v’ does not exist, i.e. the corollary is proved in
the whole. m

Pareto optimal extreme points, described in Corollary 2,
have desirable properties. They are uniquely defined by
a chosen set §,_, and their values can be easily com-

puted using explicit formulas. Therefore, it is desirable

to study the conditions of existence of these extreme
points, and to construct the algorithm for finding such
sets S,_,,.

We see from Proposition 1 that any extreme point of
M,_,,., 1 characterized by S S, ©,. But we

v=u’
know that an arbitrary extreme point is not necessarily
Pareto optimal. To investigate this situation, introduce so

called elementary lattices in 2* of two types. An ele-
mentary lattice Aof the first type is given by

A={4,40{x,}}, where 4€2* and x, ¢4, and an
elementary lattice of the second type by

A={4,40{x}, A0}, AU {x}ulx 3, where

Ae2" and x,x; ¢ A. Using the above definition we

can formulate the following necessary and sufficient
feature of 2-monotonicity [7, 12].

Proposition 3. 4 set function wu:2* —>[0,1] is a 2-
monotone measure iff

) p()=0, p(X)=1;

2) u is monotone on all possible lattices in 2 of the
first type;

3) u is 2-monotone on all possible lattices in 2* of the

second type.

Remark 2. Proposition 3 can be reformulated in the
following simple way:

A set function z:2* —[0,1] is a 2-monotone measure
iff

D) u(0)=0, p(X)=1;

2) w(A)<u(Auix}) for all possible Ae2* and
x &4,

3) u(Av {x,.})+,u(Au {xj}) < ,u(A)+,u(Au {x}u {xj})
for all possible 4€2" and x,,x, ¢ 4.
However, the consideration of elementary lattices is

useful for characterizing Pareto optimal 2-monotone
measures.

Proposition 4. Let ve M L be the set of all

elementary lattices of the first type on which v is con-
stant, and L, be the set of all elementary lattices of the

2-mon<u’

second type, on which v is additive. Then v is not
Pareto optimal iff there is a non-identical zero, non-
negative set function Av:2" — R such that

1) Av(A)=0 if A€S,_,;
2) Av is monotone on all lattices in L, ;

3) Av is 2-monotone on all lattices in L, .



Proof. Necessity. Let v be not Pareto optimal. Then
there is a v'eM, ., such that v'>v. It is easy to
check that Av =v'—v obeys all required properties.
Sufficiency. Let such a set function Av exist. Consider
the following positive numbers:

& =max {h(u(4)-v(4))|4e2"],
& :max{h(v(Au{xi})—v(A))|AeZX,xl. ¢ A},
g}:max{w(A,x[,x_/.)|AeZX,x,.,x_/.eA},
where h()=1 if t>0 and =1 else; w(A4,x,x;)=

h(v(A)+v(4vixiuix})-v(4uix})-v(4uix )
Then choosing Av such that
max{Av(A) |42 } <&, where ¢ =min{¢,¢,,0.5¢,,},

we get that the set function v'=v+Av isin M

2—mon<pu

and obviously v'>v ,i.e. v is not Pareto optimal. m

5. Algorithms for searching Pareto optimal 2-
monotone measures

In this section we present two algorithms. The first one
improves a given approximation (two-monotone prob-
ability) to a Pareto-optimal approximation, the second
one places the choice of a certain Pareto-optimal ap-
proximation on a certain linear imprecision index as an
objective function.

Algorithm I

Input data: coherent lower probability x# on 2% .

First step. Finding a 2-monotone measure v, with
VoS U

Second step. Finding a Pareto optimal 2-monotone
measure v with v, <v <.

The first step can be based on different approaches. For
example, we can choose as v, an arbitrary chain meas-

ure, generated by some maximal chain T of algebra 2% .
Then v,(B)= sup u(A) forall Be2*. However, it is

Ael'|AcB
clear that the realization of the second step of the algo-
rithm can be produced more effectively if the values v,

are close to the values of . In this sense, the following
procedure is better than the first one.
1) Compute an auxiliary 2-monotone set function g on
2% using the following formulas:

a) g(A4) = u(A) forall 4€2* with |4|<1;

b) Let us compute all values of g on sets with cardinal-
ity less or equal to k . Then values of g on sets 4 with
cardinality that is equal to £ +1 are computed by

g(4) = max {u(A), max g(A\{x,})+

g(A\{xj})—g<A\{xi,xj})}.
Observe that in the last formula g(A\{x,.})+

g(A\{xj})— g(A\{xi,xj}):g(A\{x,.}) for i=j.
Therefore, g is 2-monotone by Proposition 3. It is easy
to see that g > ¢ and g =y iff y is 2-monotone, and
also it is not necessarily g(X) =1.

2) A 2-monotone measure v, =@og is computed using
a convex distortion function ¢:[0,g(X)]—[0,1] that
has to obey the following properties:

) 9(0)=0, p(g(X))=1;

(i) @p(g(4) < u(A) forall Ae2*.

According to, e.g., [14] v, has to be also 2-monotone,

ie. vpeM < u. The search of the mapping ¢ is

2—-mon
also connected with solving the system of linear ine-
qualities. It is clear that it is sufficient to know the values

of ¢ only in the points in the set ¥ = {g(A) |de ZX} .

m
i=0"

Let Y={y} where 0=y, <y <..<y, =g(X).
Then the condition (ii) is transformed to ¢ (y,) <y (y,),
where w(y,), i=1..,m—1, are corresponding values
of u
e(y)<e(y,),i=0,.,m—1,and
e)=eW)  eW)=ebn)
Yinn =i Yi=JVia
Clearly the problem of searching ¢ is simpler than the

in (ii)), and convexity of ¢ means that

initial problem, and we should try to choose ¢ with the
largest values.

The second step can be performed iteratively by using
procedures that are similar to the usual simplex method.
Consider an algorithm that seems to be easily realizable
and computationally effective. Letv, e M, ., , and the

following values
A, = u(4) v, (4),

A, = min (v, (4 {x }) - v (4).

A, = min
x;eX\4,x;e4

v, ((A \ {x‘/. }) u{x, }) +v, (A \ {x‘/. }))

are positive for a given 4<2*. Then, by Proposition 3,
we can increase values of v, on the set 4 without any

(v (4u{x})—vi (-

changes on other sets, and get a measure v,,, € M

2-mon<pu



by the rule v, (B)=v,(B)+d if B=A4 and
V... (B)=v,(B) otherwise, where d =min{A,A,,A,}.
Thus, we can increase values by this rule until d =0 for
any Ae2”. It easy to show that this procedure con-
verges to a Pareto optimal 2-monotone measure after a
finite number of iterations due to simplex method. Show
that a measure v, is Pareto optimal if d =0 for any

Ae2¥ . In this case, we have to show that a convex set

M={veM v, <v<u} is a singleton, i.e.

2—mon

M ={v,}. Observe that values of v, can be considered
as basic variables and the above condition (d = 0 for any

Ae2*) means that we cannot change them, i.e. the
convex set M contains the only one extreme point v, ,
i.e. v, is Pareto optimal. Analogously, any iteration of
the proposed procedure can be considered as an iterative
step of the simplex method. This means that this proce-
dure converges by a finite number of iterations.

Algorithm II. It is based on the usual application of
simplex method. As a criterion a linear imprecision in-
dex can be used. By definition [8], a linear imprecision
index f is a non-negative functional on M,  that satis-

fies the following properties:
1) f(P)=0 forany PeM, ;

2) f (77<X>):1 , Where My describes the situation of

complete ignorance, i.e. 77<X>(A):1 if A=X,

77<X>(A) =0 otherwise;
3) f(v)<f(v,) for any v,v,eM, such that

V2V,

4) f(av,+(-a)v,)=af (v,)+(1-a)f(v,) for arbit-
rary a €[0,1] and v,,v, e M

low *

The notable examples of such imprecision indices are the
generalized Hartley measure [19] defined by
1
GH({V)=—— m(A)In|4|,
) langx (4)In]4]

where m is the Mobius transform [10] of the given

veM,, and anindex f, based on L, distance defined
by
1 _
1,00 = 2 [P -v(4)],
271-2 i

where v is the dual of v, ie. V(A4)=1-v(A"). Notice
that linear imprecision indices are linear functions w.r.t.
values of a given ve M, . In particular, since v >v

low

forany ve M, , we get

low >

1 .
o)== 2 (1= -v(4) =

> (4.

1
Z‘XH -1 Ae2*\(@,x}
Notice that we can use also as a linear functional the ,
distance between u and its approximation v, i.e. in this
case
Sv)= 2 |u(A)=v(4).

A4e2”

Because v <y, we obtain

fo»= % uAd- X

Ae2*\{@,x} Ae2*\{@,x}

v(4),

i.e. the criterion based on this metric is equivalent to the
criterion f .

Therefore, the choice of Pareto optimal 2-monotone
measure, based on a linear inclusion index, can be con-
ceived as a linear programming problem, where we have
a system of inequalities that describe a convex set
M and a linear criterion f .

2—mon<pu
6. Examples of the proposed algorithms working

To illustrate our method, we use examples of coherent
lower probabilities from [6].

Example 1. Let X ={x,,x,,x,,x,} andlet peM_, be
defined on 2% by u(A4)=min{P,(4),P,(4)}, where

Ae2” and P,PeM ,» are defined through their values
R(tn))=1/4: R({x})=0.
B ({x})=3/4; P ({x,})=0; P ({x}) =0
P({x})=1/2, P({x})=0: PA({x,})=1/2. The
values of u are given in Table 1. It is clear that

‘U & M27mon 2 IU(A) + ;U(B) >
u(AUB) for A={x,x,}, B={x,,x,}. Following the
first step of Algorithm 1, we get an auxiliary 2-monotone

on singletons by

because, for example,

set function g on 2% with values also shown in Table
1. Then we need to find a convex distortion function ¢,
that is lower than function y (see Fig. 1). The found

distortion function is also shown in Fig. 1 and can be
given by the formula

) 0.5x,
x)=
¢ 0.75x—0.125,

It easy to check that v, is not Pareto optimal in this case,
d=1/8 for the set
A={x,x,,x,} and according to Algorithm 1, we obtain

x €[0,0.5],
x€(0.5,1.5].

because, for example,

the next approximation v,eM by the rule

2—mon<pu



v(B)=v,(B)+d if B=A and v,(B)=v,(B) other-
wise. Producing in such a way iterations for sets
{x,x,x,), {x.x.x5,}, {x,x}, {x,x,}, we obtain a

Pareto optimal measure v e M with values given

2-mon<u
in Table 1.

X x| x| x| M g vy 1%
0 |0 0 0 0 0 0 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

1 1 0 0 174 1/4 | 1/8 1/8
0 |0 1 0 0 0 0 0

1 0 1 0 0 0 0 0

0 1 1 0 12112 1/4 | 3/8
1 1 1 0 172 | 3/4|7/16 | %
0 |0 0 1 0 0 0 0

1 0 0 1 1/4 | 1/4 | 1/8 1/8
0 1 0 1 0 0 0 0

1 1 0 1 V4| 12| 1/4 | Va
0 |0 1 1 172 12| 1/4 | 3/8
1 0 1 1 172 | 3/4 716 | %
0 1 1 1 3/4 11 5/8 | Y
1 1 1 1 1 32 (1 1

Table 1. Results for Example 1.

1 \ \

051 ]

\ \
0 0.5 1 1.5

Figure 1: The distortion function for Example 1: ¢ - red
line; y - blue line.

Example 2. Let X ={x,x,,x,,x,} and let ueM_,

have the values given in Table 2. We see that

neM since u(A)+ u(B)> u(ANB)+ (AU B)

for A={x,x,}, B={x,,x,}. Then, following the steps

2-mon

of Algorithm 1, we can get results that are shown in

Table 2 and Fig. 2. The distortion function for this case
can be defined by the formula

0.5x, xe[0,2/3],
mw:{
x-1/3, xe(2/3,4/3].
Xl x| x| x| H g Vo | Wi
0 |0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 |0 1 0 0 0 0 0
1 0 1 0 0 0 0 0
0 1 1 0 0 0 0 0
1 1 1 0 2/3 12/3|1/3]2/3
0 |0 0 1 0 0 0 0
1 0 0 1 173 1173 ]| 1/6 | 1/6
0 1 0 1 173 1173 | 1/6 | 1/6
1 1 0 1 /3123|1313
0 |0 1 1 13| 13| 1/6 | 1/6
1 0 1 1 1/3 123 |1/3|1/3
0 1 1 1 /3123 | 1/3(1/3
1 1 1 1 1 4/3 | 1 1

Table 2. Results for Example 2.

1 \

051 -

\ \
0 0.5 1 15
Figure 2: The distortion function for Example 2: ¢ -red

0

line; w - blue line.
It is easy to check that v, is not Pareto optimal in this

case, because d =1/3 for set A={x,x,,x,}, and ac-

cording to Algorithm 1, we obtain a Pareto optimal
measure v, €M, ., by the rule v,(B)=v,(B)+d if

B =4 and v,(B)=v,(B) otherwise.

Notice that we can indeed apply the proposed algorithms
to any monotone measure, i.e. # need not be a coherent



lower probability. This case is considered in the next
example.

Example 3. Let X ={x,,x,,x,,x,} andlet ue M, be

defined by wu(4)=1 if |A|21 and p(A)=0. In this
case the set of all Pareto optimal 2-monotone measures

coincides with the set of all probability measures on 2%,
and, by Algorithm 1, we obtain a probability measure

v =v, defined by v({xl.}):l/4,where i=1,..,4.

7. Concluding remarks

We have characterized and computed Pareto optimal
outer approximations of coherent lower probabilities by
2-monotone measures. Further research includes obvi-
ously the study of the sensitivity of the results with re-
spect to the choice of the approximation.

Also a closer investigation of some modifications of the
algorithms is certainly rewarding, in particular in the
following directions.

Because in principle the solution of the optimization
problem is computationally very hard for large n = |X | ,

it is possible to solve it for some subalgebra B < 2*.
Let v be Pareto optimal onB for some x on 2%, then
defined by
v(B)= sup v(4), Be2*, is 2-monotone [14], and

AeB|AcB
can be considered as an approximation of a Pareto opti-
mal measure. The same approach can be used for a gen-
eral infinite algebra 2.

its inner extension v on 2%

In light of the intended application to statistical hypothe-
ses testing, it will also be interesting to replace the linear
imprecision index in the objective function by the Kull-
back-Leibler distance, which has some close relation to
the likelihood ratio underlying optimal hypotheses test-
ing.

Notice that a Pareto optimal measure is not uniquely
defined even in a case when we use a linear imprecision
index in the linear programming problem. To get
uniqueness, it seems to be possible to use the following

approach: Let A =2%, where |X | =n, we have a linear
order on 2 defined by indexing its elements, i.e.
A ={B, }[2:1 and B, is more preferable than B, if i< ;.
Then we say that v, e M
v,eM, ., if there is an index k such that v,(B,)=

v,(B;) for i=1,...,k—1,and v,(B,)>v,(B,).

is more preferable than

2—mon<pu

Another rewarding issue has been raised by one of the
referees, looking at the so-to-say inverse problem: can
every Pareto-optimal solution be obtained from a certain
imprecision index? Irrespective of whether the answer is
affirmative or not, in any way that would give a vivid

natural characterization and classification of the Pareto
optimal solutions.

Appendix: Canonical sequences of monotone
measures: main results

Here we give a brief overview on results concerning
canonical sequence of monotone measures. The detailed
description with proofs can be found in [5].

Let 4, be a monotone measure on 2, [={B,} a
sequence of sets in 2. Then a sequence of monotone
measures { |, defined as

e (A) = g (AYB) = 1 ((B) + (AN B,),

is called a canonical sequence of monotone measures,
generated by I'. It is easy to see that if g is 2-

monotone, then the sequence {z, |,  is increasing, i.e.
M, < 4 <., and there is a limit g (A) = lim,uk (A4) for
—0

all 4eA, and py eM If p, is 2-alternating

2-mon *
(submodular), the sequence {z,},  is decreasing, i.e.
My 2 4 2 ..., and the limit measure y(A4) = Ilim (4,

A€, is also 2-alternating. For our purpose, it is suffi-

cient to consider the finite case where 2A=2",
C={B} .and g =p,.
Two sequences I', ={B,};  and I, ={C,}  in 2 are

called to be equivalent (I', ~T',) iff p. =g for any

generating monotone measure £, .

Theorem 1. Let T, :{Ak }" cU. Then there is a in-

k=1
r,= {Bk }Zzl <,
B cB,c..cB,, such that T, ~T,. Minimal alge-

creasing  sequence  of  sets

bras A, and U,, generated by ', and T, respec-
tively, coincide, i.e. A, =2,.

Let yueM,, bea monotone measure on 2. We call a
set Bef an additive element wrt. u iff
(A= pu(AVB)— u(B)+ u(ANB) forall 4. Itis

easy to check that &, X are additive elements w.r.t. any
and the set of all additive elements w.r.t. a

mon

HEM
monotone measure 4 is an algebra.

©

Theorem 2. Let {u,} = be a canonical sequence of

=0
monotone measures, generated by {B” }:3:1 cA. Denote
by 9, the algebra, consisting of all additive elements
w.r.t. u, . Then

MM c...cM, ...,

2) w, is additive on M ;



3)if CeM,, then pu (C)=pu (C) for kzn;
4) {B,,B,,..B,} =M, .

Notice that the above results imply several important
consequences, which are used in this paper. In particular,

let X={x,.,x,}. A=2", yyeM Consider a

canonical sequence of 2-monotone measures, generated

2—mon *

m

by I',={4,};, <2, assuming that the minimal algebra
containing I', coincides with 2. Then, by Theorem 2,
Hp > p, pp is additive on 2(, i.e. g is a probability
measure, and by Theorem 1, there is a maximal chain

n

I, ={B}, , < suchthat =B, cB c..cB,=X,
|Bk\Bk_l|=l, k=1,.,n; . is uniquely defined by

tr(B)=p,(B,), k=1,...n.
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