
Exchangeability for sets of desirable gambles
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General context: experiments & gambles

A finite possibility space Ω of outcomes of some experiment.

A subject who is uncertain about the experiment’s outcome.

Gambles f ∈ G (Ω) := RΩ , interpreted as uncertain rewards:
f (ω) when the experiment’s outcome is ω .

Ω := {ω,ω ′}
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f (ω ′)
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A gamble f is desirable to the subject if he
accepts the following transaction:

(i) the actual outcome ω is determined, and
(ii) the subject’s capital is changed by f (ω).

The zero gamble 0 is not desirable.

Coherent sets of desirable gambles

A subject’s set of desirable gambles R ⊆ G (Ω) models his beliefs
about the experiment’s outcome.

G +
0 (Ω)

G −(Ω)

The set of desirable gambles R is coherent
if it satisfies the following rationality require-
ments: ( f , f1, f2 ∈ G (Ω), λ > 0)
D1. if f = 0 then f /∈R;
D2. if f > 0 then f ∈R [accepting partial gain];
D3. if f ∈R then λ f ∈R [scaling];

R RD4. if f1, f2 ∈R then f1 + f2 ∈R
[combination].

Requirements D3 and D4 make R
a cone: coni(R) = R.

Sets of weakly desirable gambles

The subject considers a gamble f in G (Ω) weakly desirable if
by adding any desirable gamble to it, another desirable gamble is
obtained; so if f ′ ∈R then f + f ′ ∈R.

The subject’s set of weakly desirable gambles is

DR := { f ∈ G (Ω) : f +R ⊆R}.

The set of weakly desirable gambles DR corresponding to a coher-
ent set of desirable gambles R satisfies the following properties:
( f , f1, f2 ∈ G (Ω), λ ≥ 0)
WD1. if f < 0 then f /∈DR [avoiding partial loss];
WD2. if f ≥ 0 then f ∈DR [accepting partial gain];
WD3. if f ∈DR then λ f ∈DR [scaling];

DR DR
WD4. if f1, f2 ∈DR then f1 + f2 ∈DR

[combination].

DR is the closure of R, excluding
gambles in G −0 (Ω).

Assessments & their natural extension

An assessment can consist of a set A ⊆ G (Ω) considered desir-
able by the subject.

A E (A )AThe assessment A avoids non-positivity if the
intersection of coni(A ) and G −0 (Ω) is empty.

The natural extension of A is

E (A ) := coni
(
G +

0 (Ω)∪A
)
.

If A avoids non-positivity, then E (A ) is the smallest coherent set
of desirable gambles including A .

Updating sets of desirable gambles

The subject observes, or considers the possibility of observing, an
event B of Ω .

Contingent on observing B, the subject models his beliefs using an
updated set of desirable gambles, the subset of G (B) given by

RcB := { fB : IB f ∈R}.

If R is a coherent set of desirable gambles on Ω , then RcB is a
coherent set of desirable gambles on B.

Coherent previsions & desirability

The lower prevision of a gamble f associated to a set of desirable
gambles A is

PA ( f ) := sup{µ ∈ R : f −µ ∈A }.

Its conjugate upper prevision PA ( f )

f

PR( f )

f

PR( f )
is equal to −PA (− f ).

A lower prevision P is coherent if there
exists some coherent set of desirable
gambles R such that P = PR = PDR

.

Coherent lower previsions are less expressive uncertainty models
than coherent sets of desirable gambles.
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Specific context: finite sequences

The experiment consists of the observation of the value of a se-
quence X1, . . . , XN of random variables for which X is the finite set
of possible values. So the possibility

X := { , }, N := 3

x := ( , , )
space Ω is X N and x = (x1, . . . ,xN)
is one of its elements.

PN is the set of all permutations π of the index set {1, . . . ,N}.

The associated permutation of X N is defined by (πx)k = xπ(k).

It is lifted to a permutation π t of G (X N) by letting π t f = f ◦π .

With every sequence of observations corresponds a count vector in

N N = {m ∈ NX : ∑z∈X mz = N}.

The counting map T N: X N→N N maps T 3( , , ) = (1,2)
a sequence x to a vector m = T N(x).

Permuted sequences have the same count vector; a permutation
invariant atom is

[m] := {y ∈X N : T N(y) = m}.

[1,2] = {( , , ),( , , ),( , , )}

Exchangeability

If a subject assesses that X1, . . . , XN are exchangeable, this means
that for any gamble f and any permutation π , he finds exchanging
π t f for f weakly desirable, because he is indifferent between them.

The negation invariant space of all such exchange gambles is

DPN := { f −π
t f : f ∈ G (X N) and π ∈PN}.

If DPN consists of weakly desirable gambles, then so does its con-
ical hull DUN = coni(DPN) = span(DPN).

A coherent set R of desirable gambles on X N is called exchange-
able if DUN ⊆DR, or equivalently, if

DUN +R ⊆R.

If R is coherent and exchangeable then it is also permutable: for
all f in R and all π in PN, it holds that π t f ∈R.

Exchangeable natural extension

The assessment A avoids non-positivity under exchangeability if
A +DUN avoids non-positivity.

The exchangeable natural extension of A is

E N
ex(A ) := DUN +E (A ).

If A avoids non-positivity under exchangeability, then E N
ex(A ) is the

smallest exchangeable coherent set of desirable gambles includ-
ing A .

Updating exchangeable models

The subject observes the values x̌ = (x̌1, x̌2, . . . , x̌ň) or the count vec-
tor m̌ in N ň of the first ň variables X1, . . . , Xň; this means observing
the event {x̌}×X n̂ or [m̌]×X n̂. We are interested in inferences
about the remaining n̂ = N− ň variables.

Contingent on observing x̌ or m̌, the subject models his beliefs using
updated sets of desirable gambles, the subsets of G (X n̂) that are

Rcx̌ := { f (x̌, ·) : I{x̌}×X n̂ f ∈R},
Rcm̌ := { f (y̌, ·) : I[m̌]×X n̂ f ∈R and y̌ ∈ [m̌]}.

If R is a coherent and exchangeable set of desirable gambles
on X N, then Rcx̌ and Rcm̌ are coherent and exchangeable sets
of desirable gambles on X n̂.

Under exchangeability, count vectors are sufficient statistics:
if T ň(x̌) = m̌, then Rcx̌ = Rcm̌.

Exchangeable previsions

A lower prevision P on G (X N) is exchangeable if there is some ex-
changeable coherent set of desirable gambles R such that P = PR.
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Moving between sequence gambles and
count gambles

G (X N) GPN(X N)

G (N N)

exN

MuHyN TN

The set of permutation invariant sequence gambles is

GPN(X N) := { f ∈ G (X N) : (∀π ∈PN)π t f = f}.

The projection of a sequence gamble f onto a permutation invariant
sequence gamble is

exN( f ) := 1
N! ∑π∈PN

π t f = ∑m∈N N MuHyN( f |m)I[m],

where its value on an invariant atom [m] is given by

MuHyN( f |m) := 1
|[m]|∑y∈[m] f (y).

The count gamble corresponding to the sequence gamble f is

MuHyN( f ) := MuHyN( f |·).

The permutation invariant sequence gamble in a one-to-one corres-
pondence with the count gamble g is

TN(g) := g◦T N.

Representation

A set of desirable gambles R on X N is coherent and exchangeable
iff there is some coherent set S of desirable gambles on N N – its
count representation – such that

R = (MuHyN)−1(S ),

and in that case this S is uniquely determined by

S = {g ∈ G (N N) : TN(g) ∈R}= MuHyN(R).

Exchangeable natural extension &
representation

The assessment A ⊆X N avoids non-positivity under exchange-
ability if MuHyN(A ) avoids non-positivity.

A nice result: MuHyN(E N
ex(A )) = E (MuHyN(A )).

2G (X N) 2G (N N)

2G (X N) 2G (N N)
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Representing updated models

The subject observes the values x̌ = (x̌1, x̌2, . . . , x̌ň) or the count
vector m̌ = T ň(x̌) in N ň of the first ň variables X1, . . . , Xň.

If R is a coherent and exchangeable set of desirable gambles
on X N, then the representation of the two – because of sufficiency –
identical updated models he uses is

S cm̌ := MuHyn̂(Rcm̌).

This representation is not an updated model of the representation
S = MuHyN(R) of R. They are however related by

S cm = {g(m̌+ ·) : Lm̌g ∈S },

where we use the likelihood function, defined for every count vec-
tor m in N n by

Lm̌(m) :=
|[m̌]| |[m− m̌]|
|[m]|

,

which is zero when m 6≥ m̌.

Exchangeable previsions & representation

A lower prevision P on G (X N) is coherent and exchangeable iff
there is some coherent lower prevision Q on G (N N) – its count rep-
resentation – such that P = Q◦MuHyN. In that case Q is uniquely
determined by Q = P◦TN.
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