Shifted Dirichlet Distributions as Second-Order Probability Distributions that Factors into Marginals
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Abstract

In classic decision theory it is assumed that a
decision-maker can assign precise numerical val-
ues corresponding to the true value of each con-
sequence, as well as precise numerical probabil-
ities for their occurrences. In attempting to ad-
dress real-life problems, where uncertainty in the
input data prevails, some kind of representation of
imprecise information is important. Second-order
distributions, probability distributions over prob-
abilities, is one way to achieve such a representa-
tion. However, it is hard to intuitively understand
statements in a multi-dimensional space and user
statements must be provided more locally. But the
information-theoretic interplay between joint and
marginal distributions may give rise to unwanted
effects on the global level.

We consider this problem in a setting of second-
order probability distributions and find a family of
distributions that normalised over the probability
simplex equals its own product of marginals. For
such distributions, there is no flow of information
between the joint distributions and the marginal
distributions other than the trivial fact that the
variables belong to the probability simplex.

Second-Order Distributions

Uncertain probabilities are thought to be repre-
sented by probability distributions on random
variables that take values on [0,1] and sum to 1.
The intuition of a second-order probability distri-
bution is that it is a distribution that assigns prob-
abilities to the probabilities of the possible out-
comes of an event. So such a distribution will
have to be defined on the hyper-surface defined
by Z?:le,; = 1l,z; > 0,7 = 1,...,n or, equiv-
alently on the n — 1-dimensional simplex where
E?:_ll.fm < 1,$7; > O,Z — 1,
an abbreviation of 1 — .77 z;.

The uniform distribution with support on the sim-
plex where Z?:_f:(;i < l,z;, >0, =1,....,n—1
with constant value the inverse of the volume of
the simplex and the Dirichlet distribution are ex-

amples of second-order probability distributions.

.n — 1 and z,, is

Definition 1 A second-order probability distribu-
tion is a distribution p with support on a set P =
{(1‘1,.. .CCk) 0 S a; S XL; < bZ,Z

LB, <1 i

Where IS the Uncertalnty’?

Say that we do not know anything except lower
and upper bounds for the probabilities and want
to employ the principle of maximum entropy. Do
we let all the entropy reside in the multivariate
(global) second-order distribution or do we dis-
tribute our uncertainty on both the global and local
levels?

Factoring into Marginals

We want to find multivariate distributions f such
that

n

1=1

f(r, ..

where f;(x;) is the marginal distribution of f(x)
with respect to x; and K = [, [[,_, fi(x;) dx.

The idea is that the entropy is found both at the
global and local levels, or that the Kullback-Leibler
divergence Dk, (f|| [1,—, fi), also known as the total
correlation of X4, ...,X,, to be minimal. We could
even say that we wish the first-order probabilities
to be as close to independent as possible given that
the probabilities sum to one.

Dirichlet Rediscovered

The distributions we seek turns out be Dirichlet
distributions with parameters a; = —= and the
marginal distributions Beta distributions with o0 =
T1 and 8 = 1 when all lower bounds a; = 0.
When any a; > 0 the distributions are shifted and
re-scaled according to the new support.

The upper bound of z; is determined by the lower

bounds of the other variables, 1 — ) . . a;.
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The Theorem

Theorem 1 A probability distribution f(x) factors into and if f is on the form gi(xx — ax ) H(zg — ar) where

marqginals if and only if its marginal distributions are fr(zr) = 0 when x; < ag, gr must have Laplace
1
1 transform (%) ﬁ, that is gi(zx) = K”_ln__Q and
e = = (ke
(=1 (1= a) " (@ —a)i
KﬁH($k — CLk)
with support [a;, 1 — E#i a;], where ) . a; < 1.

Jilok) = I (ﬁ) (g — ak)z—:?

Proof: An integral |, [],_, gi(x;) dx of a product of

univariate functions over the probability simplex P I'(1+a)

o, Where

since the Laplace transform of t¢ is

is the repeated convolution g; * g2 * - - - % g,,(1). E.g. D1+ a) = [Ze e d

_ 0
when n = 3 we have Further since the Laplace transform of fi(xy) is

1 1—x4 Knil e~ SAk
[ [ g @gte)g - — e deadin = =5
0o Jo
1
1 —21)] da; = 1 Ke 52 %)
g1(w1)[g2 * g3(1 — x1)] dx1 = g1 * g2 * g3(1) . X (1= ;) =
0 ok ] 1 - 9

If f(x) factors into marginals the marginal distribu-

tion with respect to x; is the upper limit of the support of z; is ci = 1 —

)i+ 0 and the n-fold convolution * fi(t) is the

_fz(%) j;fj (1—m;), _n_ Z_Slz o
/ inverse Laplace transform of & eLl = ie.
where *;.; f; is the n — 1-fold repeated conyolutlon * £(8) = KT H =S a) (=57 ag) T ,
fl>|<f2>|<--->x<f,,;_1*fi+1>l<--->l<fnandKlsthen- i—1"" F(nzl) y

fold convolution *I*_, f;(1). Assume that { f;}I"_; are
the marginal distributions of a joint distribution that n
factors into marginals. Then for all¢,7 =1,...,n, K = .* fi(1) =

(1_C’i)) ;

_n_ n 1
Kn—l (1 S Z’L:l ajz) n—1

K fi(1—x;)

= KH C;, — Xy
J7F1 ( )

Fn—l(nnl)
where ¢; is such that f;(z;) = 0 when x; > ¢;. and K = - Y @

Then the distributions f; must have Laplace trans- But since I'(z + 1) = 2I'(2), T (%) — 17 (L)
—(1—c4)s

forms F}. such that
K n—1 (L)
H Fk — - K — [ n—1

o (n—1)" 1 (1—=>" 1 a;)

and

Example

With n = 3, let us take a; = 1/3,a2 = 1/5 and a3 = 1/8. Then

3 __120—40—24—15 __ 41 B-
1 =) iqa; = 120 — 120°
1
fi(z1) = , |
(1) 24/41/120(x1 — 1/3) |
1 :
fo(xo) = |
(2) 24/41/120(x2 — 1/5) d
and |
1 N
fa(x3) =

2\/41/120(333 — 1/8) 7 0% 04 05 08 0B 05
with support [1/3,27/40],[1/5,13/24] and [1/8,7/15]. K



